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ABSTRACT: Using field-theoretic simulations, we study a symmetric diblock copolymer melt confined between
two parallel neutral walls separated by a distanceL. We consider two scenarios: a mean-field regime and a
fluctuating case corresponding to a polymerization indexN ∼ 105. For both cases, we analyze the behavior of
this system in the disordered and the ordered phases as a function of the film thicknessL. In particular, we
compute the structure factor for each case, and compare it to the predicted structure factor for a bulk system
using the random phase approximation. In the disordered phase, we find qualitative agreement with the bulk
system, except that the amplitudes are dependent on the modes perpendicular to the slit. The ordered structure in
all cases was found to be a lamellar phase oriented perpendicular to the walls. Also, we studied the location of
the order-disorder transition (ODT) in both cases. In the mean-field regime, it was found that the transition is
insensitive to the width of the cavity, and occurs, as expected, atøN* ) 10.5. For the fluctuating case, we find
a shift in the ODT that becomes essentially constant for slit widths larger than the unperturbed radius of gyration
of the copolymers. For thicknesses below this value, we observe a confinement induced melting of the film, for
which a theoretical explanation is proposed.

I. Introduction

Block copolymers are polymer chains comprised of two (or
more) chemically distinct segments covalently bonded at one
(or both) ends. An attractive feature of these polymers is that
they can self-assemble into ordered structures1,2 with dimensions
of the order of the size of the copolymers themselves, i.e., 5-50
nm. This desirable feature has made them a prime candidate
for technological applications, such as nanolithography, ther-
moplastic elastomers, pressure sensitive adhesives, and high-
density storage media, to name a few.3-7 Many of the emerging
applications require the polymers to be constrained to a film,
or to some other confining cavity.8 As a result, there has been
a surge of experimental9-18 and theoretical19-27 research in block
copolymer thin films. Much of the research in this area has
focused on the different phases that appear in thin film
environments, as well as on devising ways to control the surface
orientation of different morphologies, but there have been only
a few works where the effect of confinement on fluctuations
and the order-disorder transition (ODT) has been studied. Also,
most theoretical studies have relied on the mean-field ap-
proximation embodied in self-consistent field theory (SCFT)28

which is known to break down in the vicinity of the ODT.
From the standpoint of computer simulations, several groups

have studied block copolymers using particle-based simulations
in the bulk.29,30Although no approximation is invoked in these
studies, the limited range of densities and chain lengths that
can be accessed have so far yielded results that are different
from those calculated analytically31,32 and studied experimen-
tally.33 In particular, the particle-based simulations in the case
of a symmetric diblock found an ODT temperature independent
of N and considerably lower than that found using field-based
theories. In contrast, field-theoretic computer simulations (FTS)

invoke the same underlying statistical field theory models used
in analytical calculations and are advantaged over particle-based
simulations at melt densities and high molecular weight.34,35

Such simulations have been used to study the bulk ODT of
diblock copolymers,36 but they have not yet been applied to
study the ordering behavior of confined block copolymer films.
In the case of polymer films, most computational studies have
focused on the orientation of the micro structures due to
confinement, as well as preferential interactions with the
walls.19,22-26,37,38

In this paper we present results from FTS simulations on the
ordering behavior of confined symmetric diblock copolymer
melts. We consider the melt to be confined between two parallel
neutral surfaces that do not exert any preferential attraction on
either type of polymer segment. Although typically one segment
species has a preferential affinity at both solid and vapor
boundaries, it is desirable to understand the effect of pure
confinement on composition fluctuations and ordering. More-
over, it has been shown experimentally that by use of random
copolymers it is feasible to construct neutral surfaces.39 Past
theoretical studies on symmetric diblock melts confined by
neutral surfaces have primarily focused on understanding the
orientation of the lamellar mesophase as a function of the width
of the slit, since there was a dispute in the literature concerning
whether the lamellae orient perpendicular, or parallel to the
confining surfaces. The consensus opinion from SCFT calcula-
tions is that the perpendicular morphology is stable for diblock
films confined by two neutral surfaces at all film thick-
nesses,19,40,41a result also consistent with the present work.

Beyond mean-field theory, there is very little theoretical or
computer simulation work on confined block copolymer films
that studies the effects of confinement on the order-disorder
transition (ODT). The first work in this direction was performed
by Milner and Morse,20 where they used the Brazovskii
approximation42 to study the transition of confined symmetric
diblock copolymers. In particular, they were interested in the
behavior of diblocks orienting parallel to the walls with and
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without surface interactions. They found a width dependent ODT
temperature in the case of neutral surfaces, but the analysis did
not include the perpendicular orientation, which as explained
before is believed to be the stable orientation under these
conditions. More recently, a particle-based simulation43 was used
to study the effect of confinement on the order-disorder
transition of a triblock copolymer melt under lamellae forming
conditions. The particular findings of this work were that the
ODT temperature becomes constant once the film thickness is
above∼ 3Rgo (Rgo is the unperturbed copolymer radius of
gyration), a width comparable to the lamellar period, and
increases quite abruptly below this value. During the preparation
of this manuscript, a new article by Shi and co-workers was
published in which they reanalyzed the confined symmetric
diblock system using the Brazovskii analysis and a Gaussian
treatment of fluctuations.27 In this work they report that thin
films oriented perpendicularly become unstable for film thick-
nesses below∼1.5Rgo, a finding close to that found in the
present work, where we study the same system using full FTS
simulations. Our simulations have the advantage of not relying
on the analytical approximations invoked by Shi and co-workers.

This article is organized in the following way: in section II,
we provide the theoretical background on the field-theoretic
formulation of a diblock copolymer melt, and introduce the
observable quantities that will be studied in the subsequent parts
of the paper. In section III, we describe the numerical methods
employed in the FTS simulations. Section IV contains our
simulation results for a confined symmetric diblock film. In
particular, we present and discuss the structure factor as a
function of film thicknesses in the disordered and ordered
phases. We finish the section with a phase diagram in the
coordinates of film thickness and block incompatibilityøN. Last,
section V contains some concluding remarks.

II. Formalism

A. Field Theory Model. In this section we present the diblock
copolymer model that will be used in subsequent parts of this
paper. Specifically, we invoke the “standard’’ field theory model
of an incompressible AB diblock copolymer melt.44 This model
treats individual diblock copolymers in the continuous Gaussian
chain description, includes a Flory-type contact interactionø
among dissimilar block segments (A and B), and constrains the
total segment number density to a constant valueF0 at all points
r in the system volumeV. The block copolymers are assumed
to be monodisperse with a total ofN statistical segments;NA

segments of type A andNB ) N - NA segments of type B.
Statistical segments are assumed to occupy equal volumesV )
1/F0 and have equal segment lengthsb. The average volume
fraction of type A segments in the copolymer is denoted byf
) NA/N.

Through the use of Hubbard-Stratonovich-Edwards trans-
forms, the segmental interactions in the above model can be
decoupled with two auxiliary fields. Upon tracing out the chain
coordinates, thenVT canonical partition function can be
reexpressed as an interacting (classical) statistical field theory.
We refer the interested reader to the literature for the details of
this derivation,34,35,44 and simply report the final result here.
Specifically, the partition function forn diblock chains in a
volumeV can be expressed as

where the effective Hamiltonian is given by

The functionalQ[ω+,ω-] corresponds to the partition function
of a single polymer in the auxiliary fieldsiω+ (purely imaginary)
and ω- (purely real), wherei ≡ x-1. The two fields have
different roles in the theory:ω+ can be interpreted as a
fluctuating pressure that enforces incompressibility, whileω-
is an exchange potential that defines the fluctuating composition
profile in the AB copolymer melt. In particular, the latter field
is conjugate to the local density difference between A and B
defined as

whereF̂A(r ) and F̂B(r ) are the local density operators of the A
and B type of monomers respectively.

The single polymer partition functionQ[ω+,ω-] can be
evaluated in the usual way34,35,44

where the functionq(r , N; [ω+,ω-]) is a propagator that
describes the probability of observing theNth segment of the
chain at positionr , given all possible placements of the first
segment. This propagator satisfies the following modified
diffusion equation

with the initial condition

and thes-dependent fieldω(r , s) defined by

At this point, it is desirable to express the theory in dimension-
less form. A convenient choice is to scale all lengths by the
unperturbed radius of gyrationRgo ) bxN/6, and to scale
curvilinear displacementssalong the chain contour byN. Using
the rescaled quantities, the partition function can be rewritten
as

with rescaled fieldsΩ( ) Nω(, and the actionH now given
by

with C ≡ F0Rgo
3/N. As before, the single diblock partition

function Q[Ω+,Ω-] is given by

where the functionq(r , s; [Ω+,Ω-]) now satisfies

Z ∝ ∫ Dω- ∫ Dω+ exp(-H[ω+,ω-]) (1)

H[ω+,ω-] )

-n ln Q[ω+,ω-] - iFo ∫ dr ω+(r ) +
Fo

ø ∫ dr ω-
2(r ) (2)

F̂- (r ) ) F̂A(r ) - F̂B(r ), (3)

Q[ω+,ω-] ) 1
V∫ dr q(r , N; [ω+,ω-]), (4)

∂

∂s
q(r , s; [ω]) ) b2

6
∇2q(r , s; [ω]) - ω(r , s) q(r , s; [ω]),

(5)

q(r , 0; [ω]) ) 1 (6)

ω(r , s) ) {iω+(r ) - ω-(r ) if 0 < s e fN
iω+(r ) + ω-(r) if fN < s e N

(7)

Z ∝ ∫ DΩ+ ∫ DΩ- e-H[Ω+,Ω-] (8)

H[Ω+,Ω-] ) - C{V ln Q[Ω+,Ω-] +

i ∫ dr Ω+(r ) - 1
øN∫ dr [Ω-(r )]2} (9)

Q[Ω+,Ω-] ) 1
V∫ dr q(r , 1; [Ω+,Ω-]) (10)
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with the initial condition

and the fieldΩ(r , s) defined as

At fixed f (we shall subsequently be considering only the case
of symmetric diblocks withf ) 1/2), and notwithstanding the
size and shape of the computational cell, it is important to note
that the rescaled field theory contains only two dimensionless
parameters:øN andC. The block incompatibility parameterøN
appears in the well-known mean-field theories of diblock
copolymers,31,44while the dimensionless polymer concentration
C reflects the average number of other copolymers that penetrate
the coil of a test chain in the melt. As such,C is an effective
coordination number that multiplies all terms inH and can be
used as a Ginzburg parameter. TheC parameter controls the
departures from mean-field behavior in the sense that the mean-
field approximation (SCFT) is exact forCf∞.

B. Observables. Density Operators.Within the FTS frame-
work, observable quantities need to be expressed asoperators
that make the functional dependence on the fluctuating auxiliary
fields explicit. Averages of these operators over an ensemble
with the complex statistical weight exp(-H) produce ensemble-
averaged real observables that can be compared with experi-
mental measurements, theoretical calculations, or results from
traditional particle-based simulations. Expressions for the
reduced segment densities (volume fractions) in a block
copolymer melt are well-known.34,35 In particular, the reduced
densities of A and B segments can be shown to be given by

where f is as before the average volume fraction of type A
segments,f ) NA/N. The single diblock partition functionQ
and the propagatorq(r , s; [Ω+,Ω-]) are given by eqs 10 and
11, respectively. In the final expressions we have also introduced
a complementary propagatorq†(r , s; [Ω+,Ω-]), which is
analogous toq(r , s; [Ω+,Ω-]), but the propagation along the
chain starts from theB end of the polymer. Theq†(r , s;
[Ω+,Ω-]) propagator thus satisfies the following diffusion
equation

with the initial condition

and the fieldΩ(r , s) is now given by

Structure Factor. An important observable for the present
work is the structure factorS(k) because it gives information
about the underlying correlations of segment density in the
sample. Also, it is accessible in small-angle X-ray and neutron
scattering experiments.45,46 We will be particularly interested
in the composition difference structure factor

whereF̂-(k) ) F̂A(k) - F̂B(k) is the difference in the Fourier
coefficients of the microscopic A and B segment densities
defined in eq 3, andΩ-(k) is the Fourier coefficient of the
exchange fieldΩ-(r ) with wavevectork. The final proportion-
ality can be shown to be an exact relationship.34,35 As will be
discussed in the next section, we impose periodic boundary
conditions in the plane of the film and Neumann (reflecting)
conditions along the film normal (thickness directionz). The
relevant Fourier basis functions are thus products of 2d plane
waves and cosines,∼ exp(ikF‚rF) cos(kzz). The allowed wavevec-
torsk ) (kF,kz) correspond tokz ) πnz/L along the film normal
with nonnegative integernz (L is the film thickness), and tokFj

) 2πnj/LF with integernj for each in-plane componentj ) 1, 2
of kF (LF is the lateral system size).

To study the order-disorder transition, we employ a quantity
Ψ defined as

which displays a jump when one goes through the ODT. A
related quantity was originally introduced by Vassiliev and
Matsen30 to locate the ODT for a symmetric diblock copolymer
melt in a bulk simulation. In that work they used a real-space
version of the formula presented above (apart from aøN
dependent normalization). Since we are not interested in the
actual value of the function, but rather on the location of the
“discontinuity”, eq 19 will suffice for our purposes. Our results
using the formula presented above are shown at the end of this
work, and display a jump of at least an order of magnitude in
the value ofΨ as one crosses the ODT. The fact that one has
gone through the disordering (or ordering) transition is cor-
roborated by directly inspecting the structure factor.

III. Numerical Methods

In order to numerically sample the functional integral given
by eq 8, we employ a real Langevin scheme. Given the fact
that the Hamiltonian is in general complex, we separate the
functional integrals defining the partition function as follows

whereZ[Ω-] corresponds to

∂

∂s
q(r , s; [Ω]) ) ∇2q(r , s; [Ω]) - Ω(r , s)q(r , s; [Ω])

(11)

q(r , 0; [Ω]) ) 1 (12)

Ω ) {iΩ+(r ) - Ω-(r ) if 0 < s e f,
iΩ+(r ) + Ω-(r ) if f < s e 1

(13)

φA(r ; [Ω+,Ω-]) )
FA(r ; [Ω+,Ω-])

Fo

) 1
Q∫0

f
ds q†(r , 1 - s; [Ω+,Ω-])

q(r , s; [Ω+,Ω-])

φB(r ; [Ω+,Ω-]) )
FB(r ; [Ω+,Ω-])

Fo

) 1
Q∫1

f
ds q†(r , 1 - s; [Ω+,Ω-])

q(r , s; [Ω+,Ω-]) (14)

∂

∂s
q†(r , s; [Ω]) ) ∇2q†(r , s; [Ω]) - Ω(r , s) q†(r , s; [Ω])

(15)

q(r , 0; [Ω]) ) 1 (16)

Ω(r , s) ) {iΩ+(r ) + Ω-(r ) if 0 < s e1 - f,
iΩ+(r ) - Ω-(r ) if 1 - f < s e 1

(17)

S(k) ) 〈F̂-(k)F̂-(-k)〉 ∝ 〈Ω-(k)Ω-(-k)〉 (18)

Ψ )
1

V2
∑

k

〈Ω(k)Ω(-k)〉2 (19)

Z ∝ ∫ DΩ- Z[Ω-] exp(- C
øN∫ dr [Ω-(r )]2) (20)

Z[Ω-] )

∫ DΩ+ exp(CV ln Q[Ω+,Ω-] + iC ∫ dr Ω+(r )) (21)
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As can be seen, the complex nature of the Boltzmann weight
is restricted to the functionalZ[Ω-]. For large values ofC (high
molecular weight and high density), we expect that this
functional integral will be dominated by the “partial saddle
point’’ with respect to theΩ+ field.35,47 With this assumption,
we replaceZ[Ω-] by the mean-field “partition function’’Z*
[Ω-], which is simply given by

whereΩ+
/ satisfies the partial saddle point condition

at some fixed value ofΩ-. The following approximate
expression for the partition function immediately results:

It can be shown that the partial saddle point solutionΩ+
/ is

purely imaginary, and thus by using this approximation we have
effectively removed the imaginary part of the Hamiltonian, and
hence eliminated the so-called “sign problem.’’ As a conse-
quence, a simple real Langevin scheme is suitable for sampling
the fluctuations in theΩ- field. The partial saddle point
approximation we have just employed amounts to a constraint
that the reduced total monomer density operator (which is
averaged over all polymer configurations) is constant and equal
to 1, or in other wordsφ+(r ) ) φA(r ) + φB(r ) ) 1, where the
reduced densitiesφA/B are given by eq 14.48 This approximation
has been successfully used by Duchs et.al.47 in their study of
ternary blends, although they employ a different sampling
algorithm in that work. An analysis of the validity of the
approximation in the present context is given in Appendix A.

For the purpose of conducting FTS simulations, it is necessary
to numerically sample eq 24 to generate a set of configurations
of theΩ- field distributed according to the probability distribu-
tion

As this is a positive semidefinite distribution, the sampling
can be accomplished using familiar schemes such as Monte
Carlo (MC), Langevin, or hybrid MC. Here, we adopt a simple
Langevin scheme.

As usual, we discretize the theory on a uniform lattice and
numerically simulate the lattice field theory. We summarize our
algorithm in four steps as follows:

1. Initialize theΩ+/- fields.
2. Evolve theΩ- field one “time step’’ by using a discrete

Langevin update scheme.
3. Relax theΩ+ field to its partial saddle-point solutionΩ+

/

for the newΩ- configuration.
4. Repeat steps 2 and 3 until the system has equilibrated and

a sufficiently long Markov chain of field configurations has been
achieved.

The initialization we use is to set both fields equal to zero,
which is appropriate in order not to bias the morphology of the
final state. The mean-field calculations are performed by
considering a parameterC ≈ 20000, which as will be shown
later, suppresses fluctuations to an extent that mean-field
solutions are generated.

In performing step 2, we use the following discrete Langevin
update scheme

whereΩ-
j andφ-

j represent the value of the continuous field
Ω-(r ) and continuous reduced density differenceφ-(r ) )
φA(r ) - φB(r ) at the cubic lattice site coordinates specified by
the label j) (jx,jy,jz). The lattice constants are∆x, ∆y, and∆z
in the x, y, andz directions, respectively, and the volume of a
lattice site is denoted by∆3r ) ∆x∆y∆z. The factorΓ > 0 is
a constant relaxation rate that is connected to the Langevin noise
strength by a fluctuation-dissipation theorem. The fieldηj(t)
is a Gaussian real noise with first and second moments given
by

and

Step 3 is conducted with a simple explicit relaxation scheme,
which we present here in its discrete version

where as beforeΩ+
j and φ+

j represent the value of the
continuous fieldΩ+(r ) and the continuous reduced total density
φ+(r ) ) φA(r ) + φB(r ) at the cubic lattice site coordinates
specified by the label j. We relaxΩ+ according to this scheme
until the variance of the reduced total densityφ+

j averaged
over the lattice,σ2 ) 〈(φ+

j )2〉 - 〈φ+
j 〉2, satisfiesσ2 < 0.0001,

which implies that on average the local volume fraction is
between 0.99 and 1.01 at each lattice point. A more sophisticated
semi-implicit relaxation scheme for determiningΩ+

/ was de-
vised by Ceniceros and Fredrickson.49 However, in the present
application the number of relaxation steps required to update
Ω+

/ from a solution at a previous time step is fairly small, i.e.,
about 5 iterations for eachΩ- field configuration, so both
methods perform satisfactorily in our case.

All the simulations in this work were conducted on a 48×
48 × nz cubic lattice, with discretization∆x ) ∆y ) ∆z )
0.25 (in units ofRgo), i.e. the lattice has dimensions 12Rgo ×
12Rgo × L. The value ofnz is determined by the thickness of
the film asnz ) L/∆z. Periodic boundary conditions are applied
on thex-y directions, while we impose reflecting (Neumann)
boundary conditions on both surfaces in thezdirection. Previous
studies50,51have shown that if one is not interested in the fluid
structure within a correlation distanceê from the walls over
which the total segment density achieves its bulk value (ê for
a polymer melt is of order the segment size), reflecting boundary
conditions provide a proper mesoscopic description of neutral
surfaces. The diffusion equation was solved using a spectral
collocation algorithm with a plane wave basis in thex-y plane
and a cosine basis along the slit normalz,35,52,53and the criteria

Ω-
j (t + ∆t) ) Ω-

j (t) - ∆tΓ
∂H[Ω+

/ ,Ω-]

∂Ω-
j (t)

+ x∆tηj(t)

) Ω-
j (t) - ∆tΓ∆3rC(- φ-

j (t; [Ω-,Ω+
/ ]) +

2
øN

Ω-
j (t)) + x∆tηj(t) (26)

〈ηj(t)〉 ) 0 (27)

〈ηj(t)ηj′(t′)〉 ) 2Γδj,j ′δt,t′ (28)

Ω+
j (t + ∆t) ) Ω+

j (t) - ∆t
∂H[Ω+,Ω-]

∂Ω+
j

) Ω+
j (t) - ∆tΓ∆3r iC(φ+

j (t; [Ω-,Ω+]) - 1)
(29)

Z* [ Ω-] ) exp (CV ln Q[Ω+
/ ,Ω-] + iC ∫ dr Ω+

/ (r ))
(22)

δH
δΩ+

|Ω+*
) 0 (23)

Z ≈ ∫ DΩ- Z* [ Ω-] exp(- C
øN∫ dr [Ω-(r )]2) (24)

P[Ω-] ∝ exp(ln(Z* [ Ω-]) - C
øN∫dr Ω-(r )2) (25)
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used for selecting the contour step∆swas such that the relative
error in the reduced densities was less than 10-3.

IV. Results and Discussion

A. The (Quasi) Mean-Field Regime.It is well-known that
the ODT in the bulk occurs within mean-field theory for a
symmetric diblock copolymer melt atøN* ) 10.495.31 This
holds true for a confined system with neutral walls, provided
that the lamellae orient perpendicular to the walls (lamellae
normal in thex-y plane). The perpendicular orientation is to
be expected because a parallel orientation would be energetically
unfavorable when the width of the slitL is incommensurate
with the equilibrium lamellar periodDl, resulting in stretching
or compression of the layers. In the case of neutral surfaces,
mean-field theory predicts that when the widthL corresponds
exactly to an integer multiple ofDl/2, both orientations are
equally probable.19,41

We have studied the mean-field regime by setting the
parameterC ≈ 20000, which corresponds to unphysically large
polymers (N ∼ 109). To corroborate that we are in fact working
in the mean field regime, we studied the ODT transition, and
found that it occurs very nearøN ) 10.5, which is extremely
close to the predicted mean-field resultøN* ) 10.495 (data
not shown). Although we are working in a “quasi’’ mean-field
regime, the Langevin simulations include fluctuations that lead
to very small composition variations across the sample, from
which we can extract information about the underlying density-
density correlations. In Figure 1, we present snapshots of the

composition differenceφ- field for five different layers across
the film of thicknessL ) 4 at øN ) 10.4, 10.5, and 10.6. The
density plots have been rescaled so that the difference in
composition can be observed clearly. For reference, the lamellar
equilibrium period isDl ≈ 3.2. It is interesting to note that at
øN ) 10.5 the different layers exhibit phase separation at
different in-plane wave lengths. This can be seen directly from
the figure, where it is obvious that the size of the domains being
formed in the middle, and outer layers is larger than in the other
two intermediate layers. We also note that when completely
formed, the lamellae are not parallel to either axis in thex-y
plane, which is due to the incommensurability of the lamellar
period with the lateral size (12Rgo) of the box.

We further study the correlations in the sample by calculating
the structure factor, as discussed in section IIB. In particular,
we study two different film thicknesses,L ) 2 andL ) 4. In
Figure 2, we show the circularly averaged structure factor for
a film with thicknessL ) 2 atøN ) 10.4. The lines correspond
to the analytical structure factor derived by Leibler31 for a
symmetric diblock copolymer melt, given by

wherekF
2 ) kx

2 + ky
2, and A is an amplitude that we have

adjusted to fit the data. As is evident from the graph, the function
S(k) accurately fits the scattering data within the mean-field
regime, except for the fact that theøN determined from the fit
deviates slightly from its value in the simulation. Apart from
this small deviation, we found that the amplitudes (contained
within the figure caption) also vary depending on the value of
the kz mode.

Intuitively, one would expect the zero mode (alongz) to
dominate in an ultraconfined film, as the one under consider-
ation, because it resembles a 2d system and distortions from

Figure 1. Snapshots of the instantaneousφ- field at different layers
corresponding to a system withL ) 4, for øN ) 10.4,10.5 and 10.6.
The density plots have been rescaled so that the difference in
composition is clear. Light regions represents a majority of A-type
segments, while dark regions correspond to a majority of B-type
segments.

Figure 2. Structure factorS(k) for a film with thicknessL ) 2 andC
≈ 20000 atøN ) 10.4. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 1.57 (open diamonds),
andkz ) 3.14 (gray triangles). The lines are two-parameter fits using
eq 30 with the following parameters:kz ) 0, øN ) 10.421( 0.003,
andA ) 0.000795( 0.00001 (dashed line), andkz ) 1.57,øN ) 10.421
( 0.002, andA ) 0.00037( 0.00001 (solid line). Inset: the 2d
scattering patterns for the differentkz values used in the graph. The
plots have been rescaled so that the pattern is visible. The thin circle
in the scattering data forkz ) 0 denotes the ring at which the Leibler
structure factor has its maximum, and corresponds to a value ofkF )
1.94.

S(k) )

A
øN(kF

2 + kz
2)2

øN(3 + e-(kF
2+kz

2) - 4e-0.5(kF
2+kz

2) - (kF
2 + kz

2)) + (kF
2 + kz

2)2

(30)
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uniformity alongzare energetically costly. However, it can also
be seen that the smallest nonzerokz ) 1.57 mode also
contributes to the scattering pattern in a significant way. The
increased importance of higherkz modes is evident from Figure
3, where we have doubled the film thickness. Here, we observe
that thekz ) 0.78, and thekz ) 1.57 modes are significantly
populated. There is a marked difference with the bulk system
in the sense that the maximum of the scattering peaks is not
constant, but on the other hand, the system is driven to retain
a spherical bulk-like structure factor, where the maximum
scattering intensity occurs at|k| ) 1.94. The higherkz modes
do not contribute significantly because they are large compared
to this value and are damped by interfacial energetics and
conformational entropy.

The structure observed in the disordered confined film persists
even at the onset of the ODT as shown in Figures 4 and 5,
where we show the scattering data forL ) 2 andL ) 4 in the
case oføN ) 10.5. As can be seen from these plots, the only
difference with the case oføN ) 10.4 is that the peaks become
considerably narrower, and the amplitude ratio between the
higher modes and the zero mode becomes smaller. This is
expected because the system will form perpendicular lamellae,
which only contains thekz ) 0 mode. Nevertheless, the fact
that the nonzerokz modes are still present close to the transition
is important since they may influence the melting of the structure
under conditions of stronger fluctuations (i.e., at smallerC
values). We also note that theøN obtained from the fit isøNfit

) 10.492( 0.002, which corroborates that the simulations done
at these parameters are mean-field simulations because the
transition point is extremely close toøN ) 10.5. Apart from
this, the behavior exhibited in the quasi mean-field regime
studied in this section serves as a guide to understand systems
where fluctuations become much more significant, as will be
the case in the next section.

B. Fluctuation Effects in Thin Polymer Films. We now
turn to consider more realistic situations of confined block

copolymer melts that exhibit significant fluctuations in composi-
tion near the ODT. In this section we tackle the case ofC )
50, which corresponds to a typical polymerization index ofN
∼ 105.

In Figure 6, we present snapshots of the some of the different
films studied in this section. The upper row corresponds to

Figure 3. Structure factorS(k) for a film with thicknessL ) 4 andC
≈ 20000 atøN ) 10.4. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 0.785 (open
diamonds),kz ) 1.57 (gray triangles), andkz ) 2.355 (gray stars). The
lines are fits using eq 30 with the following parameters:kz ) 0, øN )
10.41(0.01, andA ) 0.00095( 0.00005 (dashed line),kz ) 0.785,
øN ) 10.41( 0.01, andA ) 0.0005( 0.00002 (gray line), andkz )
1.57, øN ) 10.41( 0.01, andA ) 0.00044( 0.00004 (solid line).
Inset: the 2d scattering patterns for the differentkz values used in the
graph. The plots have been rescaled so that the pattern is visible. The
thin circle in the scattering data forkz ) 0 denotes the ring at which
the Leibler structure factor has its maximum, and corresponds to a value
of kF ) 1.94.

Figure 4. Structure factorS(k) for a film with thicknessL ) 2 andC
≈ 20000 atøN ) 10.5. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 1.57 (open diamonds),
andkz ) 3.14 (gray triangles). The lines are fits using eq 30 with the
following parameters:kz ) 0, øN ) 10.492( 0.002, andA ) 0.000067
( 0.000002 (dashed line), andkz ) 1.57,øN ) 10.492( 0.002, and
A ) 0.000024( 0.000001 (solid line). Inset: the 2d scattering patterns
for the differentkz values used in the graph. The plots have been rescaled
so that the pattern is visible. The thin circle in the scattering data for
kz ) 0 denotes the ring at which the Leibler structure factor has its
maximum, and corresponds to a value ofkF ) 1.94.

Figure 5. Structure factorS(k) for a film with thicknessL ) 4 andC
≈ 20000 atøN ) 10.5. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 0.785 (open
diamonds),kz ) 1.57 (gray triangles), andkz ) 2.355 (gray stars). The
lines are fits using eq 30 with the following parameters:kz ) 0, øN )
10.493( 0.0002, andA ) 0.0000389( 0.0000003 (dashed line),kz

) 0.785,øN ) 10.493( 0.0002, andA ) 0.0000145( 0.0000004
(gray line), andkz ) 1.57,øN ) 10.493( 0.0002, andA ) 0.0000147
( 0.0000003 (solid line). Inset: the 2d scattering patterns for the
different kz values used in the graph. The plots have been rescaled so
that the pattern is visible. The thin circle in the scattering data forkz )
0 denotes the ring at which the Leibler structure factor has its maximum,
and corresponds to a value ofkF ) 1.94.
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disordered states, while the lower row contains ordered con-
figurations obtained at largerøN values. It is important to note
from the snapshots that the ordered configurations still display
pronounced fluctuations seen as undulations of the lamellae, or
topological defects in the layers. Nevertheless, they possess a
broken symmetry consistent with a perpendicular lamellar phase
that is manifest in the structure factor as will be shown later.

The Disordered Phase.As in the previous section, we will
start by describing the disordered state of this system withC )
50 for different film thicknesses. In particular, we concentrate
on L ) 1 andL ) 2 because they exemplify what occurs for
thin films. Likewise, we will use the structure factorS(k) to
extract useful information about the underlying correlations in
the samples.

In Figure 7, we present the scattering pattern for a film of
thicknessL ) 1. As can be seen from the plot, the strongest
mode in this case corresponds tokz ) 0, while the higher modes
are essentially negligible. This is because all other modes have
wave vectors significantly higher than the Leibler shell value
quoted above. It follows that thekz ) 0 mode is the only one
populated in all copolymer films with thicknesses belowL )
1. Such ultra-confined films resemble 2d systems, because
composition variations are restricted to thex-y plane. We also
note that the Leibler scattering function fits the data quite well,
making it possible to extract useful information about the

location and height of the maximum of the structure factor by
fitting øN and A. For this particular case,L ) 1, andøN )
10.4 we find that the best fitting parameters areA ≈ 0.00041,
and øNfit ≈ 10.46, implying that one is close to the ODT.
Nevertheless, as shown in the two-dimensional scattering
patterns, the system is still isotropic in thex-y plane.

The situation is quite different for thicker films when one
allows the nonzerokz modes to become relevant, as shown in
Figure 8 for a film with L ) 2. As seen in the figure the
scattering intensity of thekz ) 1.57 mode is not negligible in
this case. The data is still well-fit by eq 18. Also, we note that
the kz obtained from the fit for the nonzero mode does not
correspond to the pure harmonic valuekz ) 1.57, but it is rather
kz

fit ≈ 1.64. This implies that the spherical structure factor has
become distorted, and resembles an ellipsoid of revolution, with
its larger axis in thex-y plane.

The Onset of the Order)Disorder Transition and the
Ordered Phase.From our previous findings, we expect that
the confinement effects observed before will be accentuated at
largerøN values close to the ODT. In Figures 9-12, we present
scattering data for films with thicknessesL ) 1, 2, 3, 4. In
general, we note that, apart from the caseL ) 1, all the other
films scatter significantly at nonzerokz modes, particularly the
thicker films. Also, we note that the two-dimensional patterns

Figure 6. Snapshots of the instantaneousφ- field for different film thicknessesL in the disordered (upper row) and the ordered (lower row)
phases.

Figure 7. Structure factorS(k) for a film with thicknessL ) 1 andC
) 50 atøN ) 11.3. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 3.14 (open diamonds).
The line is a fit using eq 30 with the following parameters:kz ) 0, øN
) 10.461(0.006, andA ) 0.00041( 0.00005 (dashed line). Inset:
the 2d scattering patterns for the differentkz values used in the graph.
The plots have been rescaled so that the pattern is visible. The thin
circle in the scattering data forkz ) 0 denotes the ring at which the
Leibler structure factor has its maximum, and corresponds to a value
of kF ) 1.94.

Figure 8. Structure factorS(k) for a film with thicknessL ) 2 andC
) 50 atøN ) 11.4. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 1.57 (open diamonds),
kz ) 3.14 (gray triangles). The lines are fits using eq 30 with the
following parameters:kz ) 0, øN ) 10.46( 0.007, andA ) 0.00054
( 0.00006 (dashed line), andkz ) 1.64( 0.02,øN ) 10.46( 0.007,
andA ) 0.00016( 0.00002 (solid line). Inset: the 2d scattering patterns
for the differentkz values used in the graph. The plots have been rescaled
so that the pattern is visible. The thin circle in the scattering data for
kz ) 0 denotes the ring at which the Leibler structure factor has its
maximum, and corresponds to a value ofkF ) 1.94.
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become quite anisotropic, but nevertheless the structures are
still disordered (as will be shown later). It is interesting also to
observe that the shifts in the values of the fittedkz’s remain.
However, the “sign’’ of the shift becomes thickness dependent.
To see this clearly, we compare the shifts from the films with
L ) 3 andL ) 4. In the caseL ) 3, we note that the fitted
value for thekz ) 1.05 mode results inkz

fit ) 0.837. This
implies that the structure factor in this case would become
somewhat steeper along thekz axis. Interestingly, for the case

L ) 4 (and similarly forL ) 2), the fitted value for thekz )
1.57 is kz

fit ) 1.62, which implies that the structure factor
becomes somewhat flatter. It is also important to note that the
fits to the Leibler structure factor are not as accurate as in the
mean-field case ofC ) 20 000. Nevertheless they are useful
for extracting qualitative trends from our simulations.

Figure 9. Structure factorS(k) for a film with thicknessL ) 1 andC
) 50 atøN ) 11.4. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 3.14 (open diamonds).
The line is a fit using eq 30 with the following parameters:kz ) 0, øN
) 10.485( 0.003, andA ) 0.00019( 0.00002 (dashed line). Inset:
the 2d scattering patterns for the differentkz values used in the graph.
The plots have been rescaled so that the pattern is visible. The thin
circle in the scattering data forkz ) 0 denotes the ring at which the
Leibler structure factor has its maximum, and corresponds to a value
of kF ) 1.94.

Figure 10. Structure factorS(k) for a film with thicknessL ) 2 and
C ) 50 atøN ) 11.5. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 1.57 (open diamonds),
kz ) 3.14 (gray triangles). The lines are fits using eq 30 with the
following parameters:kz ) 0, øN ) 10.482( 0.001, andA ) 0.000225
( 0.00004 (dashed line), andkz ) 1.64( 0.02,øN ) 10.482( 0.001,
andA ) 0.000028 (solid line). Inset: the 2d scattering patterns for the
different kz values used in the graph. The plots have been rescaled so
that the pattern is visible. The thin circle in the scattering data forkz )
0 denotes the ring at which the Leibler structure factor has its maximum,
and corresponds to a value ofkF ) 1.94.

Figure 11. Structure factorS(k) for a film with thicknessL ) 3 and
C ) 50 atøN ) 11.3. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 1.047 (gray triangles),
andkz ) 2.094 (open diamonds). The lines are fits using eq 30 with
the following parameters:kz ) 0, øN ) 10.488( 0.002, andA )
0.00017( 0.00002 (dashed line), andkz ) 0.83( 0.01,øN ) 10.488
( 0.002, andA ) 0.000072( 0.000005 (gray line). Inset: the 2d
scattering patterns for the differentkz values used in the graph. The
plot have been rescaled so that the pattern is visible. The thin circle in
the scattering data forkz ) 0 denotes the ring at which the Leibler
structure factor has its maximum, and corresponds to a value ofkF )
1.94.

Figure 12. Structure factorS(k) for a film with thicknessL ) 4 and
C ) 50 atøN ) 11.3. The values have been rescaled by the maximum
value in the scattering data. The different symbols correspond to three
different values ofkz:kz ) 0 (black squares),kz ) 0.785 (open
diamonds),kz ) 1.57 (gray triangles), andkz ) 2.355 (gray stars). The
lines are fits using eq 30 with the following parameters:kz ) 0, øN )
10.47( 0.004, andA ) 0.0003( 0.00004 (dashed line),kz ) 0.87(
0.01,øN ) 10.47( 0.004, andA ) 0.000075( 0.000003 (gray line),
and kz ) 1.62 ( 0.01, øN ) 10.47 ( 0.004, andA ) 0.000066(
0.000003 (solid line). Inset: the 2d scattering patterns for the different
kz values used in the graph. The plot have been rescaled so that the
pattern is visible. The thin circle in the scattering data forkz ) 0 denotes
the ring at which the Leibler structure factor has its maximum and
corresponds to a value ofkF ) 1.94.
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Finally, we present in Figure 13 the two-dimensional structure
factor for the lamellar state. This structure factor corresponds
to thekz ) 0 mode, and for a film withL ) 4, andøN ) 11.5.
All other kz modes become negligible at this value oføN. As
expected, it consist of two peaks, located (within the resolution
of our grid) at the predicted microdomain length scalekz ) 1.89.
The peaks are oriented at an angle, and this is due to the fact
that the lateral box dimensions do not correspond to an integer
multiple of lamellae, which forces the lamellae to orient at an
oblique angle.

The ODT under Confinement. It is now of interest to
explore whether the film thickness and the fluctuation phenom-
ena that we just presented have a role in the location of the
ODT. To locate the ODT, we used the order parameterΨ
introduced in section IIB. All the simulation results presented
in this section were obtained by starting in an ordered config-
uration, and slowly reducing theøN parameter until a disordered
state was achieved. This is analogous to heating a real block
copolymer film across the order-disorder boundary. From prior
experience, we have found that the ODT hysteresis is smaller
on superheating as opposed to supercooling.36 In Figure 14, we
present the results for the value of the order parameterΨ over
a range oføN values and different film thicknessesL. An
important feature of this graph is thatΨ exhibits a pronounced
jump in its value across the ODT. This behavior had been
observed before in the work of Vasiliev and Matsen.30 Other
ways of characterizing the ODT have been described in the work
by Duechs et al.,47 but we found the discontinuous change in
Ψ to be the most straightforward way to locate the ODT. The
transition is taken to occur at the midpoint of the steepest
decrease inΨ upon loweringøN. For example, in the case of
L ) 0.5, we see that the value ofΨ decreases most abruptly
betweenøN ) 11.8 andøN ) 11.7, so we locate the ODT at
øN ) 11.75( 0.05.

A phase diagram constructed from simulation data for all the
film thicknesses studied in this work is presented in Figure 15.
From the figure it can be seen that the ODT is strongly
suppressed for ultrathin films of thicknessL < 1, but forL g1

it is relatively insensitive toL, except for a weak maximum at
L ≈ 2. In this case, the ODT occurs atøN ) 11.55( 0.05,
which corresponds to approximately a 10 % shift in the ODT
with respect to the mean-field value oføN* ) 10.495.

Our results are in qualitative agreement with the recent the
analytical treatment of Shi and co-workers.27 Nevertheless, there
are some discrepancies. For example, we find the minimum
width at which there is a strong increase in the ODT to beL ∼
1Rgo compared to the value they quote of∼ 1.5Rgo. This
difference might be due to the approximations involved in the
analytical treatment. Also, the weak maximum in the ODT
temperature we observe nearL ) 2 is missing from their results.
Although we do not fully understand the mechanism that
produces this feature, there seems to be a competition between
a tendency of the ends to be near (attracted to) the surface, and
thus frustrate the ordering, and the segmental interactions driving
the microphase separation. For thick films, the segmental
interactions dominate since they scale with the volume of the
confined region, while for very thin films the composition

Figure 13. Typical structure factor (kz ) 0 mode) of the ordered phase
from a simulation withL ) 4 andøN ) 11.5. The circle corresponds
to the location of the predicted maximum of the structure factor in the
disordered phase.

Figure 14. Order parameterΨ defined in eq 19.

Figure 15. Phase diagram for a confined symmetric diblock copolymer.
Inset: the phase diagram plotted in a log-log scale as a function of
the new variableøN - øN*, where øN* ) 10.5. The line is the
Fredrickson-Helfand prediction for the shift in the ODT (see text for
details), and the black diamond is the simulation result for a pure 2d
system, taken from refs 36, 47, and 56.
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correlation length is larger than the film thickness, which renders
the system effectively 2-dimensional and produces a large
positive shift in the ODT (as discussed further below). Only
for intermediate film thicknesses, e.g.,L ) 2, can chain end
effects likely be seen, and we believe this is the origin of the
non-monotonic dependence of the transition temperature onL.

The behavior observed for the thinnest films can be viewed
as a type of confinement induced melting. Notice that this
mechanism does not invoke any preferential wetting conditions,
since all the simulations conducted here involved neutral walls.
Similar behavior was recently found in a triblock system using
particle-based simulations.43 Experimentally, we believe that this
mechanism will become relevant for ultrathin films confined
by neutral surfaces, and may be the cause of the observed
melting of triblock copolymers thin films at thicknesses small
compared to the period of the microphase structure.54,55 An
explanation for this behavior can be constructed as follows.
Consider that thekz ) 0 mode is the only non-negligible mode,
which is a reasonable assumption based on the results shown
previously forL ) 1. In this case, we can think of a 3d film
with L < 1 as a 2d film, in which theL-dependent parameter
C(L) ) L‚C replaces the 3d Ginzburg parameterC. According
to the asymptotic analysis of Fredrickson and Helfand,32 and
confirmed in 2d simulations by Ganesan and Fredrickson,36 this
would induce a shift compared toøN* in the ODT proportional
to C(L)-2/3 ∼ L-2/3. Another way of rationalizing this result is
by noting that∆ø ∼ C-2/3 in 2d and 3d, whereC is as before
given byC ) F0Rgo

d/N. A simple extrapolation for the average
total density from 2d (Lf0) to 3d (Lf∞) can be constructed
as

with

We note thatL in this case has dimensions of length. Notice
that this result also explains the saturation at largeL and that
in the limit C f ∞ one will always recover the self-consistent
mean field transition temperature no matter how thin the
polymer layer is. In the inset of Figure 15, we show a graph of
the shift from the mean-field ODT plotted on a log-log scale.
The dashed line has a slope of-2/3. The black diamond
corresponds to the pure 2d result for a concentration ofC )
50, and it was taken from previously published studies.36,47,56

As can be seen, the data follows the line for the larger values
of L e 1, but it deviates from the data point for the smallest
value ofL. This can likely be attributed to the fact that in this
regime the asymptotic analytical theory is no longer valid
because the value ofC(L) is too small.

V. Conclusions

In summary, we have presented field-theoretic simulation data
for thin films of diblock copolymer melts. Our work was
performed under the condition of neutral walls separated by a
distanceL, but can be extended to include preferential wetting
effects by applying appropriate boundary conditions at the
surfaces of the film.35 Overall, we found that confinement
significantly influences the spectrum of composition fluctuations
in symmetric diblock copolymer melts, although for thicknesses
L3 (units ofRgo) the spectrum retains most of the features of a

bulk system. For large values of the Ginzburg parameterC, or
equivalently chain lengthN, the structure-function has its
maximum at the predicted values from the RPA theory, although
the height of the maximum varies among the differentkz

longitudinal modes. The location of the peaks is well described
by the RPA theory in this quasi-mean-field regime. In contrast,
with the inclusion of stronger fluctuations, i.e., smaller values
of C, we observed a shift in the location of the nonzero
longitudinal mode peaks. This shift was shown to be film
thickness dependent.

Apart from the analysis of confinement on composition
fluctuations, we also studied the location of the ODT as a
function of film thickness. A confinement-induced melting
transition was observed for ultrathin films characterized byL
< 1, while the location of the ODT remained fairly constant
for the larger film thicknesses studied. Although we do not have
experimental evidence in support of all the findings presented
here, we believe that these results could be confirmed by X-ray
scattering experiments on thin films that resolve thekz andkF
modes separately.45

It would be desirable to extend the present studies to thin
films of asymmetric block copolymers, to other block copolymer
architectures, and to block copolymer solutions and alloys,
where confinement might induce more dramatic and potentially
useful changes in ordering behavior.

Appendix

A. Validity of the Saddle-Point Approximation. In this
appendix we consider the validity of evaluatingZ[Ω-] by the
partial saddle-point approximation. Specifically, we present
numerical evidence that this approximation is reasonably
accurate for the parameters used in our simulations. We test
this assumption by considering a typical, but fixed,Ω-
configuration that corresponds to a quasi-ordered structure
(shown in Figure 16) and examine the validity of the neglect
of Ω+ fluctuations in the partial saddle point approximation by
direct integration ofZ[Ω-] using a complex Langevin (CL)
scheme described in a previous publication.57

As can be seen from eq 20, we can calculate the full partition
function by integrating first over theΩ+ field to obtainZ[Ω-],
and then integrating over theΩ- field. In order to apply this
scheme, we need to evaluateZ[Ω-] for every different config-
uration of theΩ- field. Applying a Langevin algorithm for the
evolution of the minus field implies that we write the partition

C(L) ∼ F0Rgo
3

N
f(L/Rgo) (31)

f(x) ) {x if x , 1,
1 if x . 1

(32)

Figure 16. Snapshots of the instantaneous composition differenceφ-(r)
for a fixed Ω- field corresponding toøN ) 11.45. The density plot
labeled (a) is the original configuration calculated using the saddle-
point approximation, and (b) corresponds to an instantaneous config-
uration along the complex Langevin sampling. The density plots have
been rescaled so that the difference in composition is clear. Light regions
represents a majority of A-type monomer, while dark regions correspond
to a majority of B-type monomer.
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function as

where the HamiltonianH[Ω-] is given by

The dissipative term of the Langevin equation,-δH[Ω-]/δΩ-,
is calculated as

where〈‚‚‚〉Ω+ denotes an average taken over theΩ+ configura-
tions.

To quantify the error involved in using the partial saddle-
point approximation (PSPA), we calculate the mean and variance
of the following quantity

which corresponds to the difference between the average
composition difference generated by the full complex Langevin
integration, compared to that generated by the PSPA. It is
important to evaluate∆φ- since it will contribute to the update
of theΩ- field, and if it is small in magnitude (i.e.,|∆φ| , 1),
we can assume that the partial saddle-point approximation is
accurate enough to approximate the partition functionZ[Ω-].

We have performed the CL simulation for this test on a 48
× 48 square lattice of side length 12 (in units ofRgo), and lattice
discretization dx ) dy ) 0.25. Periodic boundary conditions
are applied in both directions. The value of the concentration
is set toC ) 50, and the fixedΩ- field corresponds to a
configuration that has been selected from a simulation run
equilibrated atøN ) 11.45. For reference, the order-disorder
transition (ODT) occurs for this system atøN* ∼ 11.35, which
implies we are still within the window of large fluctuations due
to the closeness to the transition temperature.

In Figure 17, we present a histogram of∆φ- collected from
the CL simulation average ofφ-(r ; [Ω-]) across the 482 sites
of the lattice. The mean∆φh- and the varianceσφ-

2 for this
distribution are calculated to be∆φh- ) - 1.7× 10-7 andσφ-

2

) 3.1 × 10-5, which are extremely small and would lead to
negligible changes in the dynamics as long as∆φ- is not
correlated with the dissipation term. To show so, we display in
Figure 18 a histogram of the sign-correlation function

The histogram labeled (a) corresponds to the values ofc(r) using
φ-(r ) ) φ-(r ; [Ω-,Ω+

/ ]), while the histogram labeled (b)
represents the values ofc(r ) using φ-(r ) ) 〈φ-(r ; [Ω-])〉Ω+.
As seen from this figure, there is no indication that there exist
any correlation between the sign of∆φ-(r ) and the sign of the
dissipation term. If there was a correlation in the sign, the
distribution would be asymmetrical with respect to zero. At
most, one can conclude that the high peak implies a correlation
on the relative values of both of these quantities. In any case,

we only need to know that the sign is not correlated in order to
argue that the deviations will alter the dynamics only as an extra
source of noise.

A simple argument for the validity of the PSPA is as

follows: consider the standard deviationxσφ-
2 as the typical

measure of the difference between the PSPA and the CL results
for φ-. For a given update of the fieldΩ-, the typical value of

the extra noise term would scale as∆t∆2rCxσφ-
2/2. For the

Z ∝ ∫ DΩ- e-H[Ω-] (A1)

H[Ω-] ) - ln(Z[Ω-]) + C
øN∫ dr [Ω-(r )]2 (A2)

-
δH[Ω-]

δΩ-
)

δ(ln(Z[Ω-]))

δΩ-
- 2C

øN
Ω-(r )

) 1
Z[Ω-]

δZ[Ω-]

δΩ-
- 2C

øN
Ω-(r )

) C(〈φ-(r ; [Ω-])〉Ω+ - 2
øN

Ω-(r )), (A3)

∆φ- ) 〈φ-(r ; [Ω-])〉Ω+
- φ-(r; [Ω+

/ ,Ω-]) (A4)

c(r ) ) ∆φ-(r ) × (φ-(r ) - (2/øN)Ω-(r )) (A5)

Figure 17. Histogram of∆φ-.

Figure 18. Histogram of the correlation functionc(r ). The plot labeled
(a) corresponds to the values ofc(r ) usingφ-(r ) ) φ-(r ; [Ω-,Ω+

/ ]),
while the histogram labeled (b) represents the values ofc(r ) usingφ-(r )
) 〈φ-(r ; [Ω-])〉Ω+.
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parameters used in our simulation this quantity is approximately
∼ 9 × 10-5, while the typical value of the actual noise term is
x∆t ∼ 10-1. The ratio of these two quantities is of order∼
10-3, which implies that the PSPA should be very accurate, at
least for the parameters employed in our simulations. This
argument is corroborated by Figure 16, where the density plot
labeled b corresponds to a snapshot of theφ- density field along
the CL trajectory, while part a represents the originalφ- density
field calculated through the partial saddle point approximation.
The prescribed accuracy in the dispersion of the total density
used in the latter computations wasxσ < 0.0075.

To finalize our discussion, we present in Figure 19 a
comparison of the spatial distribution of the total reduced density
φ+(r ). The histogram in part a corresponds to the original
configuration of the density field, i.e.,φ+(r; [Ω-,Ω+

/ ]), which
was generated as described in the previous section, while part
b corresponds to a histogram of a typical configuration along
the complex Langevin trayectoryφ-(r; [Ω-,Ω+,]). As can be
seen from this figure, the dispersion of the total density is about
twice as large using CL, as compared to the PSP approximation.
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